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NOTE

General Formulas for the Slater—Koster Tables

The recent development in the tight-binding linear muffin
thin orbital method {17 of bandstructure calculations made
it necessary to extend the Slater-Koster tables [2] of
two-center overlap integrals for higher angular momenta.
Several attempts have been made in this field, eg., by
Sharma [37] and Lendi {47; nevertheless, a complete listing
of the s, pf, d-f, f-f and higher elements of the
Slater—Koster transformation matrix is not available in
the literature. In this note, first, we briefly describe the
theory and obtain a completely general equation for
the Slater—Koster transformation. Furthermore, instead of
providing pages for formulas which cannot be treated
properly, we give a listing of a simple MATHEMATICA
program which is able to do all the required calculations
symbolically.

Let us assume that we have two functions ¥ (r) centered
at the origin and P&(r—R) centered at R. We wish to
caiculate a scalar product ¢4%= (¥4(r) ¥r-R)>.
Assume that the angular-dependence of the ¥ functions are
given by

W;’m’(r) = '?5}4' (r) Yl’m'(F)

A~ (1)
P lr—R)=47(r—Rl) Y,,(r—R).

Let us rotate the coordinate system {x, y, z) according 1o
Fig. 1 into (x', 3, 2’). Then in the new system

“ZD {8, 0) ¥

2=Y D .(0,¢VE

(2)

Here D!, stands for the irreducible matrix representation
of the rotational group (sce [5])

(0. ¢)=d, .(0) ™. (3)

(Here we assumed that we have chosen the coordinate
system in such a way that ¥ = 0, see Fig. 1). The formulae for
d, .(®)is given, e.g., in [5). Thus

O mm{R)= Y D158, ) D, (6, $)<¥7, 5,
(4)
'_ZZ! [.u(g ¢\’II Ao

where we used that (¥, ¥ /> =3,.1,,,and

ZTme, ¢)=D1r.(6,4) DL, (8, ¢). (5)

This product can be written [57 as
D28, ¢)D,,.(8,¢)
=(~1p="' D™ _ . (6, )

j— roioa
=(—1)*"" ¥ (2441
(=0 ?‘ ¥ )(—# u 0)

x( ri A Dt
—m m om—mj

{6.¢4) D},

Furthermore,

D3 =2 A ) Y (6, ).

In the A summation the prime means that we have to satisfy
the vector addition rules, i.e.,

['—HN<Agl +1
and

|m' —m| <A

After some manipulations, using the expressions for the
spherical harmonics, we obtain

Zrm=[e,+1signim—m') e, ] ="

P+ a
!
x Y A y R¥c2-+1 (7)
A= -1 k=(A+lm—ml+132
Here ¢y, c,,, ¢, are the direction cosines of the vector R:
¢;=sin @ cos ¢
¢,, = sin @ sin ¢ {8)
c,=cos @
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FIG. 1. Relative positions of the x, y, z and the x', ", z’ coordinate
systems,
and

A_=(__1)m+u+(mﬁm'+|m7m’1);’2
A

x /(4 —

im—m' | YA+ m—m'|) (244 1)

x([’ I A)( P ; ) (9)
—u # O)\—m' m ' —m

P G i (26)!

T K-k 2k —A— m =)

If in (4) we restrict ourself to g >0 only, then it is easy to
show that

J.’m m= E By) uLnI!'m
pz=0
1 if u=0
ﬁ(“)"{z otherwise

and Z is defined exactly the same way as in (7); but in the
A-summation, apart from satisfying the vector addition
rules, only those terms should be included for which
I"+ 14+ 4is even.

Now, instead of using spherical harmonics Y, we
introduce the real harmonics in the following way:

Ym:Ym
o =y~
Ypoo= (Yp— Y,
1/2 (10)
- (="
Ylm+=_\/—2—(Ylm+ Y;:ﬂ
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Explicit expressions for the real harmonics for 5, p,d, and f

are
Yo=C,
Vo=C,z
V.= C,x
¥,_=¢C, y

Yy=C,(322—1)

Ta, =12 C,zx

=12C,zy
P, =\/§Cd(x2—y21

}722, == 12 xy
Y30 Cf(5z —3)2'

}7'3H=\/_Cf (5z2—-1)x
Vo =32C52=1) y
Yy =\/1_5‘Cf(x2— ¥z
Yio =2\/ECfxyz

Pasy =+/52 Co(x2=3y%) x

¥is_=./5/2 Cf('.’ax2 — ¥y
1/4n
C,=+/3./1/4n
5
Cd=_§ 1/4R.

=%—?./1/4Tc.

Using this basis set, i.e., ¥=¢%,,.

min{’f)

X BWZTrLy,,

u=0

ST(R) =

(12)

where Z is connected to Z defined in (7} as
ZETm = (=1 [RAZ T + (= 1) Re(Z 53]
Zh "= (=" [ReAZ 77y — (= 1y Re(Z 7™ ]
Z7mr = (=0 [ Im Z ) + (= 1 Im(Z 5]
Zr e = (=0 Im(Z 70 + (= D™ Im{Z 577
Zyr=J2(= )" Re(Z 7))
Z7 =2 (=) ImZ ). (13)

Finally, we give the listing of a MATHEMATICA [6]
code, which is able to calculate the elements of Z It is
necessary to use the “factor” package provided with the
MATHEMATICA distribution. The package “wigner” is
essentially the same as the one in the “discrete” distribution



FORMULAS FOR SLATER-KOSTER TABLES

package except that it is using a modified function to
calculate the square root of an integer number. In the code,
the six Z matrixes in (13) are defined as integer functions
zbpp, zbmm, zbmp, zbpm, zb0p, zbm0. A sample session to
calculate Z3;;°*:

In[1l]:=&factor.m

In[2] :==&¢wigner.m

In[3]=&zbar.m

In[4] =Simp[zbmp{3,1,3,2,3]]

15 -1 2_ 2 2
Out [4]= em{~l+cn)en(l+cn) (3+3cl—ecm®+cn®)

328qri[2]8art[5]
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